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Preface

Tie purpose of this study was to investigate the use of a split-

path nonlinear (SPAN) filter, a concept wsvelopod by the Douglas Air-

craft Cowpany, to compensate wmrious salected simp.e control system

and compare the results with those obtsined by linau- compensation.

If favorable results were obtained with the SPAY filter, I had also

planned to investigate its application to a complex control system.

However, in ny opinion, the resultai obtained with the simple control

system. did not warrant the investigation of the application of the

SPAN filter to a complex control gratem.

I would like to gratefully acknowledge the helpful comute and

suggestions of Professor John J. D 'Auso, my Faculty Thesis Advisor,

Captain Robert R. Rankine,, Thu ed Sponsor from the Air Foroe Flight

Dynamics Laboratory, and ]fr. Berniird J. DoocV from the Directorate of

Systems Dynamic Analysis, Systems Engineering Group. I would further

like to thank Professor D'Asso fo:.- his thorough review of the manu-

script.

John A. Tondl, Jr.
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Abstrwt

Use of a uplit-path nonlinear (SPAN) filter, a conoept of the

XDue'as Airoraft CcmpWa, for oo- tig oontrol wyvtoems i inp

von" .We by analog ooMputsr and the results are oompared with thos'w

obtained with linar oompensat-fg filters. Comparisons are made of

the resspowe of fbur syutm to step. ramp, and ainuaoidal inputs

using the 7AW (integral of tim multiplied by the absolute value of

error) &a tae riterinu for judging perform eos. Ooapensated stema

sedtivity to gain variations in also investigated. Use of the SPAN

filter as a comp•wator showed little or no over-all improvement con-

pared with that obtained with a less complex linear filter,,

'ili-
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INVESTIOATION OF A SPLIT-PATH NONLINEAR FILTER

I. -Introdution

Statement of the Problem

The interdependence of the phase and gain charaoterlstics of

linear filters is generally in conflict with the desires of the con-

trol engineer. The concept of the split-path nonlinear filter as

developed by the Douglas Aircraft Company is to provide a device with

independent control of gain and phase that may have wide application

as a control system compensator. The Douglas Aircraft Company refers

to this device as the SPAN filter and this notation will be used

throughout this report. The purpose of this study is to investigate

the use of the SPAN filter for the compensation of various control

"systems and -to compare the results with those obtained with linear

compensating filters.

Basis for Stuct

The basi3 for this study is the proprietar7 information contained

in an unsoliýcited pwoposal submitted to th3 Air Force by the Douglas

Aircraft Company which is listed as reference 2. Another paper written

on the SPAN filter, which became available to the author after the

writing of this manusco1pt, is listed as reference 3.

Background Information

The concept of improving the performance of control systems by

the inclusion of nonlinear elements and effects originated about 1950

(Ref h:446). Since that time, considerable effort haji been expended
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in this area. Seyz'ei tn of nonlinea oompenators, whioh have iy -

p]oved the psufromno* of certain " tes, can be found in the liter-

atram. However,, ech of these nonlinear oonp ators was dssigned to

Izrovo the jerfwrmue of a particular systa which contained a ape-

Olf.o nonl.l.ar.•, such as backlash, hysteresis, and saturation.

Thase nonlimar coxgunuators are lirdted In applioation to a restricted

nu-uer of apt@= in that the advantages achieved with a partiuular

design am accompanied by oertn disadvantages or Limitations.

I,!

[]£

2: +
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II. Theoretical An_&Vis of the SPAN Filter

Desoription of the SPAN Filter

A block diagram of the SPAN filter is shown in Figure 1. The

device processes the input through two separate branches or paths and

takes the product of the two resulting signals. The concert of opera-

tion of this filter is that the branch containing the bistable element

controls the phase of the output signal and the branch containing the

absolute raluo function controls the magnitude of the output signal

(Ref 203). The output of the bistable element is +1 when its input

is positi7e and -1 when its input is negative. As magUitude and phase

rxe controlled in separate branches, independence of these two csi%-

acteristion should result to at least so= degree. 'his would be ad-

vantageous compared with linear filtere since the zaStude atteAnAtiov

P2ABSOWtTE 2
VALUE 17 x 01ln

L (LINEAR FILTER)_ BlUNCTIONnoI ?iLTIPLWI

F3 ISTABLE

(LITIEAR FILhTER) E" EENT sign of

FIGURiE 1

BLOCK DIAGRAM OF SPAN FILTER

3



over a spoctfied frequency ra•ge provided by a liner lag network in

also accompenied by a phase lag and the phase lead over a specified

frequey rang. provided by a linear lead network is acoompanied by a

naepitude gain (Ref 203).

A better understanding of SPAN filter operation can be obtained

by processing a sinnsoidal wave through the filter. Consider a SPAN

filter where the linear filter P, is a lead network and linear filter

72 is a unity gain. The sigals throughout the SPAN filter will have

the form shown in Figure 2. The fundamental component of the output

signal wiill lead the input signal. The peak amplitude of the output

signal is unchanged, but the funmdamntal component will be attenuated

alatly becauxe of harmnio generation (Ref 214,95). Figure 3 shows

the signmli throughbout the SPAN filter when Fl in a lead network and

F2 Is a lag network. It should be noted that the sinusoidal wave is

"ohopped" by an amount equal to the numArioal sum of the phase shifts

in both branches.

Analysis of the Gain and Phane Characteristics

The bletable elmnt branch of the SPAN filter destroys all mag-

nitude information while maintaining the phase information. The in-

formation from the absolute value branch, however, will include phase

shift as well as magnitude if the linear filter F2 is something other

than a unity gain network (Ref 2,%).

Fourder ana3iu was used bo analyze the gain and phase character-

istios of the SPAN filtr for a sinusoidal input. The output of the

SPAN filter was scmpdd in a Fourier series of the form
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fr(,,t)z= • C~a j(n,,t + •,) (1)

where Cn and are the amplitude and phase of the harmonic respective-

ly. The output of the SPAN filter has half-wave suetry and therefor*

contains no even harmonica (Ref 7s328).

Two configurations of the SPAN filter were examined. In the first

CAsen F1 was a lead network and F2 a unity gain. In the other cases

F was a lead network and F2 was a lag network. Circuit diagram

&-d tranafer functions of the lead and lag networks used throughout

this study are shown in Figure 19, Appendix B. A detailed discussion

of this particular Fourier series is contained in Appendix A while

amplitude and phase data for several of the harmonics are tabulated

in Table I.

It should be noted that the amplitude of each harmonic is the

same as long as the numerical sun of the phase shifts in both branches

has the same value. However . tLe phase angle of each harmonic changes

as different combinations of lag and lead networks are used to obtain

a given numerical sum of the phase shifts in the two branches. There-

fore, obtaining a given phase shift from F1 alone produces a larger

phase angle for the fundamental frequency of the output than when a

given phase shift is obtained by use of filters for both Fl and 12.

A It is also important that, unlike most nonlinear compensation aschem,

the phase-gain characteristics of the SPAN filter are not amplitude

dependent.

The harmonic content of the SPAN filter can be quite large. For

example, when the amount of phase shift from both F1 and F2 equals

2V

7I
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I•
TABLE I

HARNMNIC 00MXTENT OF SPAN FILTER OUTPUT

Shift 1st 3rd 5th 7th
- - -i -i - - I - -_

Fia J__ AMpO Phased Amp Phase] Amp Phase lAmp Phase

100 00 0.99 1 0.02 110 0.02' 123 0.02 137
200 00 0.98 4 0.07 130 0.07 157 0.06 -176
250 00 0.97 7 o.ii :4o0 0.10 174 0-09 -152

O0 0.96 10 0.16 150 0.14 -169 0.12 -12
Co 0  0.91 17 0.26 170 0.21 -134 0.15 -74

500 00 0.84 26 0.37 -170 0.26 - 98 0 15 - 17600 00 0.77 38 0.48 -150 0.28 - 60 0.14 60
S00 0.70 52 0.56 -130 0.26 - 17 0,16 13000 0.66 70 0.62 -110 0.23 32 0.19 -151
900 00 0.64 90 0.64 - 90 0.21 90 0.21 - 90

200 200 0.91 - 3 0.26 150 0.21 -154 0.15 - 94
400 20$ 0.77 18 0.48 -170 0.28 - 80 0.14 40
6$ 200 0.66 50 0.62 -130 0.23 12 0.19 -171
800 200 0.66 90 0.62 - 90 0.23 128 0.19 - 49

200 400 0.77 - 2 0.48 170 0.28 -100 o.14 20
400 400 0.66 30 0.62 -150 0.23 - 8 0.19 169
600 400 0.66 70 0.62 -110 0.23 108 0.19 - 69
800 400 0.77 102 0.48 - 70 0.28 -160 o.14 80
200 600 0.66 10 0.62 -170 0.23 - 28 0.19 149
400 600 0.66 50 0.62 -130 0.23 88 0.19 - 89
600 600 0.77 82 0.48 - 90 0.28 180 0.14 60
800 600 0.91 103 0.26 - 5o 0.21 -106 0.15 -166

55 0 550 0.70 73 0.56 -105 0.26 142 0.16 - 14
900 65' 0.97 173 0.11 - 25 0.10 - 59 0.09 - 93
900 90° 1.00 180 0.00 0 0.00 0 0.00 0

- - a - - - - --

sLead phase shift obtained from linear filter F1

bLa6 phase shift obtained from linear filter F 2

0Amplitudes of harmonics based on a SPAN filter output
with a peak value of unity

dPhase angle of harmonic rounded off to nearest degree

8
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900, the m~aituds of the 3rd, 5th, and 7th h mnio arts 1.0, 0.33,

and 0.33 of the frpdimental ispect±Alm., the 5th harmxnic is

""in pha&" with the atal. Unless the plant being copensated

greatl attenuated the higher order haz%=ics, the control s73tem out-

put could be quit* distortod.

Figure 4 is a plot of attenuation of the fudamntal ooumad to

the amplitude of the output signal versus the nvmerical an of the

phase shifts in both branches. A naximm attenuation of 3.92 (d oc-

ours at a phase shift of 900.

From the above analysis one can oonolude that the first hamonia

gain and phase characteristics of the SN filter are alawt Indepand-

out when a lian filter is include only In the bistable olemnt

branch. The degree of e is reduced when a lag network is

used fbr F2 as the phase shift of filter F2 is accompanied by a nag-

nitude attentuation. mowver, this degree of pbase-gmn lndspmidmmce

is not without penalty in that the SPAN filter output, has a hi& har-

Monic content.

Selection of a SPAN Filter Conf

In the previous section, the SPAN filter ws discussed in two

configurations: (1) Fl a lead network sand F2 unity gain, and (2) F1

a lead network and F2 a lag network. Two other configurations could

be obtained by reversing the roles of Fl and F2 . If F1 were a lag

network and F2 were either a unity gain or lead network, the funds-

mental of te output would lag the input. This configuration mn

ha-m applioation but wan not inveatigated dwring this stu4. It was

assumed that the response of the plants studied could be best improved

9
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with the generation of a lead anglo by the SPAN filter, that in, by

wa±ing the 1W0 crossover point to a higher frequency.

Other possibla configurations using simple linear lead or lag

vetworks coul.d be obtained by using two lead or two lag networks for

both F1 and F2. In ,itber case, no addantam would be achieved. If

F1 and F2 are the sam type of network but not idwntical, the result-

ing phase angle of the famdmintal component of the SPAN filter outpat

will be lads than that obtained when Fl is a lead or lag network and

F2 is a unity gain. If FI and F2 are the same idmtical metworkm the

output of the SPAN filtor will be zaect2T the cma as that obtaliE,

from -a linear copensating filter. This was vsrifled on the analog

computer and no further inventigation was mahe on tese tw oonfigur.-

tiona.

The SPAN filter with PI as a lead network and F2 as either a

unity gain or lag network %re the only configurations chosen for

analog computer stu#.

Dwcriblig Functions

The dascribing function is a linear approximate4y equivalent

transfer functionw which in used for approximating the affect of a

nonlinear elexant or characteristic. This approximation is made in

te frequency *domain by defining the describing function in tems of a

FoucA.r series for the rezsonse of the nonlinear element to a sinu-

soidal input. The definition of the describing function requires that

the 4-c torn of a Fourier serier be equal to zero and that all har-

monics other tham e fimdainntal be negligible (Ref 9sI39#246). Using

21
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the notation of eqxation (1), the donertbing function im given by

%(Jw) (2)

where sthe input to the nonlinvar component is A si~n wt,

In Table I it was shown that, for a sinusoidal inpuý., the hcr-

nonios in the output of the SPAN filter are not negligible when the

numerioal sum of the phase shifts obtained from F1 and F 2 is between

250 and 155. This Table also shows that the phase angles of the

fundamental frequency of the SPAY filter output, for the phape abifts

of 250 and 155 mantioned above, are 6.70 and 173o3° respectively.

In the majority of possible SPAN filter applications• the deshred

phase angle of the fundamental will probably lie within these limits.

Consequantly, a (.scribing function calculated by the above mtthod

would be of doubtful value.

"In spite of their drubtful validity, describing furmtions were

calculated for the SPAN filter in the two configurations chosen for

analog computer Ptudr. It was hoped that "ba~ipark" vldus would be

obtained for the time constait• of the linear lead and lag networks

for the purpose of optimizing plant response using the SPAN filter.

For a given phakse shift obtained from the SPAN filt.r, the des-

oribing Aunotion will have a magnitade and phase and will appear as a

point on a log magnitud-angle diagram or Nichols chart. As the phase

shift obtained by both the linear lead and lag networks is a function

of friquenoy, the dssoribiig funation was plctted &s a function of wT.

The first dbscxibing Aution. was claculated for a SPV. filter

12
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with F1 as a lood natvork ani. F2 as unity gain. The lad netvcrk wed

ha• a transfer funatin

G (JO,) +- , d (:3)
_ h + JO.la

T•he maxim= phas echt ttainable froa thIs particular lead network

in apeo et 5 5 °. A Nichols chart of this describing fweion

plottod a3 -1%ID appears in Figure 5. Each point of this curve is the

stability Ivint (psuado 180o crossover point) for a particular value

a wvT The stability point in seen to have au ma dimplacent at

itf = 3 %

Tho first trial value of the time constant to give optimam perfar-

mance for a particalar p•Aat of system vwa ealclated IV determining

the frequency at which the uncompensated pUnt had a phase angle of

-2L.80. It is shown in Part IV of this report that this procedure

cam withti a f£iaeLc of 2 or•3 of the doolred time constant. Although

not pazticalar• acourates it did provide a ttarting point for an

amAlog computer study. Thie procedure. ba no application to a plant

each t K/82 . The final network F1 used in the SPAN filter was ad-

jtwted by trial and error until the best system performance was ob-

tained.

Othier describing fuctions were calculated for the SPAN filter

when F1 vias a lead network and F2 vias a lag network with a transfer

funat ion
G OV
G0(Jw) = (4)

where oc is the pole-sero ratio and is greter than 1. These describ-

ing functions were deteraimd to bt of no -a.aW far selecting the

33i
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linear filter network tim oonatAmts. This resaut mas anticipatod as

the bAruunio oontent of the SPAN filt output is high for this con.-

figuration. No data for those desoribing functions is inoluded in

thin report.

15
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rM. _ • of the SPAN Filter

s VwVMW of thim malOz 4oupiter stud ves to obtain closed

loop QUW repo@ ta for both SPAN filter and linear filter a.-

pmatd =11W feeL!ok systma. The ITAE (integral of tim multlplied

by the absclate valw of error) was abo& as the criterion by whioh

to mslutet both U.1ar and SPAN •ilter compensated nuteus for opti-

-M perforuanc to a stop function input. It is one of the better

over.aUl fpres of inxit for a eae steadq4Ftate stop error sstem

(Rat 10587).

Ramp and.• u.iduol inuptu vare also used to debterun bow well

both the opbtaised SA and linear flter compensated qstems followed

time varing suiula. The fial ohok ,,made on each coupensated system

was to dstrmine its msmitivity to gain variations. This was ac-

oom;.nbed b, using step fmation 1npatz and obtain.z the ME value

for d. terent values of sqotem gain.

TMe lInear comeuaating filtre used &ulg this study was a lead.

lag eoupwater with a transfer funtion of

GOm (1 +. T,1u)(l + T2 8)()

This filter was ohow= as it has the advantages of both the lead and

lag oempoenators and Is thorwfore ong of the better linear conpuasators

(Ref 1452).

The Model 16-3R Electronic Ansolat"e, uImnc Analog Computer

located iu Building 57, Area Bj Wrght4-Patterson AFB, Ohio, was used

16
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for this st&4•.

12 Restrictions fbIOERMotsr NW A

The pole-sara ration In both th lead and lag networks used in

the SPAN filter were limited to a azim value of 10. This was also

the value used for the pole-sero ratio in the linear lead-lag filter.

The ranges of alpha were tboreftbz limited to 1 < <10 and

0.1 <( 2 < 1.

The aiwnsoidal •nputs were restricted to the range of 0.5 to 10.0

radians/sond.. Tirs in a tnd.cal range of Input frequencies to a ne-.

obanical oontrol system.

The I= used an the optimm perforance criterion Is a time

weighted function which inoxeasingly penalties system, errors as tie

progrsses. Due to the long tie constants normally aasociated with

lag networks, a eonsidarable amount of time can elapse before the

error is reduced to sero. M- order to r•d=* the time required for

the output of the circuit siilating the ITLE function to reach soa=

steadf-state vaue, the input of the I= circuit was modified so that

the integration stopped when the error sigma became less than a pre-

selected value. Tbis value was establinhed at less than 2% of the

system steasb-tats output. Within this limit, it was varied &light-

- ly from systea to system, but once selected for a astem, it was held

constant regardless of the coampqnsating filter used.

DEscriti~on of Text Plants Used

Four differant plants were compeamted with both the linar lead-

lag and SPAN filters chlng the analog computer simulation. Each was

17



fiotJ• •rdiffernt from the other three mo that the SPAN filter's

a~Uatomto. a vwia W of myetiom might be invesftigated.

?M 1b r bud* WI w s mi • chosen for this invesutira-

tie how the fb•adng obward tranmfer ftwtjons

0(s) w' (8)

K(M (9)
ONu l)(s + 2)

,, G(,,) - , (lo)
Ss~(82' + a ÷+4)

G(S) " ( - 5) (32)

The first sitem listed is unstable for ill v•aues of gain. The seoond

and third syst4is are stable but have imsatisfactory transient re-

sponses. Also, both systems become =stable at rolativel] low values

of gain. The second arstem has Its open loop poles on the real axis

whe•eas the third sysfte ha a pair of oomplez poles located olose to

the iaginarr axis. The fourth "stem differs from the other three in

that it is a nodLfinism phase system, having a s-ro in the right-half

of the s-plane. This system is oouwed in reference 2 and therefore

serves to oorrelate the results obtained in this stu•y. The unamtdis-

faotory system response of this system for a step fwotion input has

both sn unbd oot, due to the sero in the right-half plane, and an

overshoot. The root lowus of each of the four symtems mast be reshaped

to Imwove system otabilit an/or transient remponse.

1"V
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ITo % -<Inputs sn

FIGUR 6
BLOCK DIAGRAM OF ANALOG COMPUTER

SIMULATION FOR UNITY TEZDBACK SYSTEDM

22Wt Simulation, of the Rq Fse~ad k fts

A block diagra of th. analog co•ater 31uletion fOr th unity

feedback system i shown in Figure 6. Ant]og comuter oircuits for

the four plants, the linear load-lag filter, the SPAN filterp and

the ITAE function were designed by the author and are oontained in

Appendix C. esign, of the four plants was straightforward and will

not be discussod. Ikiiwru, - dimuasnio is tu order for the sm-

ulation of the MEA fmtion, the SPAN filter, and the liea la&-lAg

filter.

Although the design of the ITAX cirouit, shmwn in Figure 22, was

straightforward, the modifcation to the circuit that wo mtioned

previously will be discussed. Function zmlq #2 was incorporated to

m~ak the error input to the multiplier zero when the error became

less than 2% of the system steady-state output. The fntion relq

19
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logIc Is xmh that If the algebraic am of the two ralq inputs is

p~deitves the relay In up, and. if the algebraic am IA negatiws, the

relaW 1. dmm (Ref 8:35). Ozm Input to relay 12 In the output of the

abeolute vab fuuotton circuit which i.s amap positive and the other

Input is oacted to the output am of a potentloiter with a naga-

tive wolta applied. As a result, whbe the angnitude of the voltage

output of the absolute valu. oircuit is less than the magtitude of the

potentiometer voltage, the input to one-half of the woltiplier will be

am or round.

fee~ncs 5 and 6 m consulted for possible circuits that

could be used for enalation of the lInear lead-lag filter. The un-

desirable feature of the given circuits was that more than one poten-

timter had to be adjusted to effect a change in one paramter. it

was onsidrwed deudrable to obtain a oircuit in which each variable

parameter could be controlled by a single potentiometer. This would

i =3 the process of changing a paramter value and because of

this simplicity, Imwprow eacouracy. The desLred circuit wab achieved

and is shown it ?igu= 23. This reduction in the nnuwhr of potemtio-

mters was &so app•ied to thb design of the lead and lag networks

included in the SPAN t•ter BiurnAtion.

When the basic design of the SPAN filter simulation was tried on

the analog coqputer, it was observed that the filter output was not

sero for a sero input. By analyuing the circuit it was discowvred

that the idngle relay originally used to siulate the bistable element

would oscillate or chatter w1en the error input approached zeroo. This

relay chatter wan alternately applying plus and moins 100 volts input

20
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to on*-h0/6 of the multiplier whih was sufficient to caue the quar

tquar diode multiflier to gnrate a mull output. To r dy this

situation, two additional function relays were added to the circuit

(-s( Figure 24) for the purpose of grounding both InpitM to the m ,lti-

plier vim the error voltage becam negligible (lose than 0.1 volt).

Specifications on the multiplier Indicate that its output will be lose

tham +2 millivolts whme both inputs are sero (Ref 8O8). The logic of

the circuitry incorporating relor #4 and #5 ins that the output of tUs

bistable element uimulation in as follow~s

100 volts for ei,>O.l vot

sout" 0 o0 -0.l<eLn< 0.l volt

0o0 ,lts for e*n<-O.l vot

Pro cedcre for Do Fite Parameters for 0Performance

Linear lezl Comvenator. Tb. roc % locum of each plant was

examined to determiei the most likely tim ;onstants for the lead net-

work portion of the linear load-lag compensator with which to obtain

optimu performance. Repeated analog copupter rnas were amsa for

various values of time constants and gainn in search of "tbhf opt,1na

oprating point.

SPAN Filter. Syutem perfbuom was optidzed with both of tbo

selected SPANI filter oonfigurations. The first configuration used on

each of the foau plants had F1 a a lead netwmrk and F2 F inity in.

It will be referred to as oonfliguration I for the rmalndor of this

report. For this con ation, the demribing functlon ahomm in

21
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TABLE II

SPAN FILTER LEAD NETIORK TIIoX CONSTANT
FOR OPTID(M PER ORMANCE

__2 z 0.1)
METHOD

PLANT DESCRIBING FUNCTION ANALOG COPUTER

Type 2 e 0.34 seconds

Type 1
(Real Poles) 1.15 seconds 0.76 seconds

Type 1
(Complex Poles) 1.27 seconds 0.50 seconds

Non-minimum I
Phase 0.11 seconds 0.10 seconds

*Desoriblrl function method not applicable to K/s 2 plant

Figuwe 5 was used to obtain a tim constant value which served as a

st4ating point in the analog computer search for the optimum operating

point. The tim constant was calculated by determining the frequency

at whioh the uncompensated plant had a phase angle of -2110 and divid-

ing this into 3. The value W - 3 provides the uaxbm displacement

of the pseudo 180P crossover point. Repeated analog computer rans were

made for various values of tim constants and gains. Table II is a

comparison of the lead network tim constants, for a pole-sero ratio

of 10, that were obtained first by use of the describing functJrn and

then by optimisation of the response on the analog computer. Based on

the limited nuftr of plants compnsrated, it can be concluded that the

accuracy of selecting an optinut tim constant value by use of the

describin fungtion is not on27 dependent upon the harmoni content of

22
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the SPAN filter output but is also dspendent upon the plant being

compensated.

The seoond configuration of the SPAN filter, hereafter zefemd

to as configuration II, had FI as a lead network and F2 an a lag not-

work. After *YQ analog computer runs in which both lead and lag tim

constanta and Voale--o ratios were varied, it we concluded that the

value of the time oonstant and pole-sero ratio seleoted for the lead

network in configuration I were the beast choice& for the lead network

in configuration 31. No guide was found for aterzini•xg tim conutant

and pole-sero ratio valtws for the lag network. OptiUdsation of plzt

performance was obtained through a trial and error proodure. Of the

four plants *oMponsated, only the two TYpS 1 plants showed iaproved

performance with configuration II over that obtained with oonfigura-

tion I.

23
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TMo was me to deterndiss zim optLa p. forA2W*& w"

acbievud for a ;9W frnct~ila Iut ujinug tvxth jjzýw load-lag and

6PA)S AiNWe ammtion~. At'.r t43 optlxmu aparatinie point was de-

teruinwd for each al' tho cozipennating =ituLen, ranp anid sinusoldal

inputs wo" applied to doteavaim the cc%-.naated oystem 'a response to

time mrz1.ng sdgmela. The rwp ftnatimz used bad a elope of approx.-

imatelF I 'volt per' owond. Frequencies of 0.!%;A,o 2.00 S.5., and

10.0 radlias/second wee used as the Llnusoidai inputs, with the am.-

plituide of the inpuIt held constant, throngbout this frequency razngs.

The final oheck ma&& on riant operation for each type of oetaato

was systm~ sensitivity to gain variations.

The anellog %3o~ater results used 'in this Investigation wore ob-

tained over a two m~nth period. An effort va.m mide to daplicate po-

tantiozinetar settiWg for GLOch system tested,, but it 3z qxxt-- p~nxibl

that they differed from time to ti.w by a few~ hunefredtha of a volt.

0c he~r minor deviations in computer per.(brxianoe could also have occurred

over tŽ±s timr period~. Th-9 ITA.E value was VA~ mart 11.1"y wasurement

to be sennitive to these minor vmriations., particularl~y when its

value was in the order of a few Iiundradtkzo o~f a unit. Nowevar, re-

pea ted d~hackB of qrstem. perfoymanc* fruz tii, W~ time :indicated that1

t~e value of the ITAR1 for a given aystam. oZeratJLW point vxxlied only

slightly. Therefore., it ini believed that zbe valuea obtla.ined can be

wsed in a valid cooqArison of MPAN filtar rnrsuw; Vaar lead-lag comr-

penzation.

24
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The four teat plants used will be referred to by a dessriptiwv

namie rat-her than by transfer function throughout tbe rensinder of I his

report. The transfer functions of these four plants wer-e listed in

equations 8 through 11, Part IIn, and they winl be referred to rosrla-

tivs•l as a Type 2 plant, a Tjpe 1 plant with real poles, a Type 1

plant with oomplox poles, and a non-minimn phias plant.

Tables muinrizing the opt.um performasnos of each plant with

lead-lag and SPAN filter compensation are conuained in Appondix D for

step iz-puts, in Appendix E for ramp inputs, and in Appendix F for

sinusoidal inputs. Appendix G contains graphs showing the sensitivity

of each sysatm response to varations in gain from the optimm value.

Agnasis of T 2 Plant Performance

Stop Function L .nut. The smallest value of ITAR for the Type 2

glant was obtained '•wih lead-lag compensation. The ITAE values ob-

tained with lead-lag, SPAN oonfWiguration I, =d SWAN configuration

II compensation were C.O0, 0.08., and 0.18 respectively. For this

planut the error input to the MTAE circuit was reduced to zero when

the plant outputi was within 99.7% of its final val.•,.

Response of tbi.as Tye 2 plant to a stop function input for lead-

lag and 3PAN filter compensation ia abown in Figure 7. The linear

om;pensated system hae a auh faster rive týim to first seo error

&id has a settlIng or solution tine that iS 8% of tht obiat*d '4.I•h

ths SPAN f,,,ter compensated yastem. TY* various performance character-

isticis sch as tim for the ernr to reach its firt som time to

reach tha maxim= peak ovrshuot, pvrceat peak overshoot, and tiUa

for the rinponbo to 3..ottle wit.hin 5% of its Zinal value are taiuxlated

25
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TO STEF FUNCTION InPT
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in Table III, Appendix D, for both linear and SPAN filter compensated

systems.

H Funmtion lut. Tablos VIIZ Appendix E, Includes response

data for A ramp function input and Figure 8 shows the responses ob-

tained with both lead-lag and SPAN filter compennated systes. The

output of the Type 2 plant with SPAN filter oompensation oscillated

about the roap slope lino whereas the plant output with lead-lag can-

pensation had no ata4a-r•tate error.

Sinnsoidal Input. Tabulated information for the sinusoidal input

is contained la Table 3I1 Appendix F. For the range of frequencies

appl4.d to tbe input (0.5 to 10.0 radians/second), linear lead-lag

compensation caused the least phase shift of the outpu. The fro-

q•eicy rosponse of tbLs plant was approximate3y the sams fr innput

Yrequencies from 0.5 to 2.0 radians/second regardless of the compen-

sator upad. However, use of the SPAN filter resulted in a smaller

bandqidh compared to that obtained with lead-7ag compensation. Both

linear and SPAN compensated responses Zar inputs of 5.0 and 10.0

radi&nv/second are shown in Figures 9 and 10.

Compensation of the plant with configuration I of the SPAN filter

gave a better IfAE value than that obtained with configuration II.

Its use also resulted in a better response for sinusoidal inputs as

nome distortion of the output was observd when configuration II con-

pensation was used.

ASensitivity of System Repos to Gain Variations. Figure 25p

Appendix G3 is a plot of ITTA versus percent change of gain from the

optimm value. Frow this figure it can be seen that, regardless of

27
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Lead-last SPAN II
Oompensati~on Compensation

j 0

20 2

input Input

0 0

20- 20
Output Output

-0.8 -0.5

o0 . 0

0.8 0-

Error Error

Recorder speed in 2 mm/sec

FIGURE 8

TYPE 2 PLANT RESPONSE WVR RAMP FUNCTION INPUT
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Lead-labg SPAN I
compensation Compensation

00

input input

-5.-
Output Output

SPANi filter output,

Recorder speed is 5 mm/sec

FOR SINUSOID~AL INPU&TOF5RDASECN
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C ompnation compensat ion
2.5

o 0

25
Output Oitput

25

0 0

-2.5
SPAN filter output

Recorder speed 1. 10 mm/soo

FIGURE 10

TYPE 2 PLANT RESPONSE

FO)R SINUSOIDAL INFUT OF 10 RADIANS/SECOND
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the type of compensation used, the ITAE ohangd very little for changes

of gain from a 7% decrease from optimum to a 100% increase above op-

timum. In fact, for configuration II and lead-lag compensation there

are arq number of optimum points. For gains less than 75 below op-

timm, the system compensated with configuration II of the SPAN filter

was the least sensitive to gain variations.

Malyis of Performance of W 1 Plant with Real Poles

Stp Function Iut. Use of configuration II of the SPAN filter

to compensate the Type 1 plant with real poles resulted in a lower

value of 1TAE than obtained by either configuration I or the lead-lag

compensator. The minimum ITAE value obtained with configuration II

was 2.0 whereas ITAE values for lead-lag and configuration I compswa-

tion were 2.4 and 6.3 respectively. Error input to the ITAE oirouit

was reduced to zero for this system when the plant output was within

99% of its final value. An examination of Figure 31 and the inforna-

tion tabulated in Table IV, Appendix D, shows that although rise time

to first zero error was longer with either configuration of the SPAN

filter than with the lead-lag compensator (2.1 seoonds versus 1.3

seconds), compensation with oonfiguration II resulted in a settling

t-ime that was 74% of that required with lead-lag compensation. The

oscillatory transient was considerably reduced in amqlituds by the

use of configuration II.

Rg Fauction Input. For a ramp function input, the plant output

with SPAN filter compensation is a ramp function superimposed with a

damped oscillation whereas the output for lead-lag oompnsation had no

oscillation. However, the least steact-state error was obtained with

31
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Lead-lag SPAN II
Compo.nwat ion Compeneation

0 0

20 2
Output Ouput

-- -. --2.5 - -

0 0

4 2.5
- -Error Error

Recorder speed Is 2 mm/soc

4 ~FIGUR3E 12

RESPONSE OF TYPE 1 PLANT WITH REAL POLES

FOR RAMP FUNCTION InWUT

33

r



GGC/M/66-19

Lead-lagSPAN 11

Compenationcompensation

-2 -2

-2 2~

22 -2se

ouPpu Outerputpu

~~Recorder speed iso.

5 mam/seo

FIGURE 1.3

RESPONSE 0F TYI 1 PLANT WITH REAL POLES

FO)R SINUSOIDAL INPUT OF 2 RADIANB/SECOND
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configuration 37 o4Mpensatiou. Graphical and tabulated ramp function

response data are given In Figure 12 and Table VIII, Appendix S.

Sinaoi dal gLt. The plant output for SPAN filter coxpensation

had less phase shift at 0.5 radians/second but had a greater phase

shift for frequency inputs greater tban or equal to 2 radiats/asoond

than that obtaind with lead-lag compensation as Ao-n in Table In,

Appendix F. The data contained in this table also indicatee that the

SPAN filter comqponsated plant has a smaller bonAddth than the linear

compensated plant. Systein response for both loa6-la; and SPAN filter

compensation 'to an input frequeny of 2.0 radians/weond is ahown in

Figure 13.

Sensitivity of .1;ae Response to Gain Variations. Figure 26,

Appendix G, shows the effect of gain variations on the ITAN for this

system. The lead-lag compensated system wan the least sensitive to

gain increases froxm optimau whereas the SPAN filter omqpexsated Vister

was the least sensitive to gain de•c•ases. The system co"pensated

with configuration I of' the SPAN filter appears to be less senitiwi

than the other compensators although ite ITAE value is the largest

of tho three. No erplanation was found for the peak in the oanfigura-

tion II curvel however, a thorough investigation was 1ot oonducted in

this area. StucV of the system responses for gains in the region

indicated that the plant output decojed at a slower rate from its peak

overshoot value than it did for lesser or greater gains. Figure 114

contains comqpter traces of rystea responses for different values of

gain in this region.

35m
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RESPONSES TO STEP INPUITS FOR VALUES OF~ GAIN

THAT PRODUCED A PEAK IN IT"E VERSUB % CHANGE OF GAIN

CURVE FOR THE TYFE 1 PLANT WITH REAL POLES
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:6Ytkzs of Perfcmance of Wi I Plant with ioa~ Poles

Sje Function But. Ac in the other Type I systeon the laweat

vlue for ITAE was obtained d.th oonfiguratiob II of the SPA6 filter

an Us oomupnsator. The ITAE value for amfigaration 3I was 5.1 as

comp•red with 8.4 and 15.3 for onmigmration I and lead-lag compensa-

tior respootively. For the Type I p3Ait with complex poles, the

error input to the ITAE circuit was rthwed to zero when the plant

Soutput was within 98% of its final. value. A larger bias value wad

used for this system as the transient response deoged at a slower

rate than in the other systems.

Step responses for this systm ame shown in Figure 15. Settlng

btim for the configuration II coeqanated Flant was lees thau a.-

half of that r=quired w.tL• lead-lag compensation. Again, the SPAN

filter oompenzate,6 plant required move time to reach first eon error

than for lead-lag compwattior, but the times required only differed

by 7%. Tabulated stsp fncýton :Ipmt 6ata is provided in "ahble Vj,

Rap jnc ½. . Response of the SPAN filte&r -omip-Na•ed

system to a ramp function #at s eas ar 't is that obtained with

Lead-lag com-pe ation. The steady-state error for SIPAN filbar -om-

pensation was at least 40% greater than that obtained with lead-lag

compensation. Tabulated data for this plant in contained In fable IX,,

, - Appendix E.

Sinusoidal Rnat Tix SPIN filter compensated systes also had

a poorer reeponse for srimsodal iupttas compared to that obtained

with lead-lag compensation, as indicated in Table X-III, Appendix F.
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Lead-i VAN 11
compensation compensaationi

Iinput Input

-2 2.
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FIGURE 16

RESPONSE OF TYPE 1 PLANT WITH C~OMPLEX POLES

FOR SINUSOIDAL fl1MT OF 0.5 RADIARB/SECOND
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bVo tfq=f remg of 0.5 to 10.0 radim/neond$ the out-

pu of the Pm oa"•Aasate4 had mater phas shift, redced

hiLdth •and me dis.torti. The respon... of both SPAR and lea&-

lag coqmnated plants to a minuaoidal input of 0.5 radians/second

ame shown In Figure 16.

Senad iar of ftt Re to fti Variations. Figure 27,

AppwcUtx G, dbom the effect of gain variations on the ITAB for this

qvtmm. The output of the plant with SPAN filter oonlmnation was

lose sensitive to gain variations than with lead-lag oompensation.

Configuration 33 compensation produced the least senastive system,

particularly to gain increase.

~1! of Non-minionm Pbase Plant Performance

Ste FucinIpt Approximaately 0.05 was obtained an the

ITAR value for the non-minim phasm plant regardless of the type of

compensation used. For this plant the eror input to the ITAR ai•-

cuit was refded to sero vbmn the plant output was within 99.5% of its

final value.

Figure 17 and Table VI, Appeunix D. contain the response infbrua-

tion of this plant. A comparison of this data reveals that regardless

of the compensation used$ the autm response had km-%oz±.tem the

same settling tim and had little or no overshoot. The primary dif-

ference in the responses wdsted In the amount of undaruhoot. Use of

the lead-lag compensator gave a response with a larger but earlier

oocurrling unaraboot than that obtained with SPAN filter oompensation.

During the trial and enror proceftre, of a43uwting the parameters of

configm-ation UL of the SPAN filter in search of the systen optiua

40
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Opwrat 1 - Point, It Was dateuuined that the optium Point wasn ap-

pvoshod as th pso-ason raUo of 72,0 the Ing netork,* aypprahed

=MW (or idm 72 @Wcached a =MW gaftno z~rk as In acnfiguration

X). Mw responses obtained from both ocinfipzantions diffmvd ulightl~y

so taU 9br both Is coantained In Table VI8 Appenctlx D. Mti~t varwiso-

tjosu In Potentiometer settings on this analog c~omat or vtwol-4y a*-

oovut hbr this dWfwmema. However, becaome of the uinila'-ttý 'of the

rexponoee, ongy tUe xupnoe for oonfiguratian I in givm :-z ?iure

17.

As the rowponn. of this I es-nifUm phs pxant sq -4- be as

fam34laz to the reader an the ot1ber yi.w~j the reeponse

In also, shown in FiUMM 17. It. should to voticed U. txks fig that

not only did bath the lead-leg and SPAN I'J.ter aon;*nsatlcan .i~rcye

the rise tine to first sero error and reac~e the ovtmv,,-$ but. also

they both 1wroaesed the am=L of urimraboot. If thiv a tWra'hoot is

objentionable In the basic plant, than sox* type a.' compens&rt4on other

than those ge.ousimd in this papwr suat, * u54d %-ý #-I. at~a or redi~oe

If Fucio t. Tabulated datt for thio -#t. 'a rosporno

to a romp function input are contained Ax Tabkeý X"# kppwu, E. The

steady-state error In the output waa &pp'o.4xsteJ~y the ~a~ for

either compensator,, with ooufigurxt:.xm '-r- huviag thA. !**at 92*xvr of

the tk -*.

Sinso idal Ingut TLe a plitu4 of tat planit ,)%tput remain~ed

quite constant for uinusoidU frequency impaUt fins 0.5 to 10.0

radisns/seoud zrsgmWrdes v-,- the type of Ooopmator used. OonfiUmra-

tion Iof the SPAN filter aee4 lessayhote sbiA 'z the output for



Compnstr~onSPAN I

CompenatfonCompensatlon
4 2

Input Input.

Output - output

Recorder speed 18 o.4
1 um/s0c

SPAN filt~er output

Recorder speed is
2 mm/sec

FIGURE 18

NON-MINIMUM PHASE PLANT RESPONSE

FOR SINUSOIDAL INPUT OF 1 RA.DIAN/SECOND
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&ll Irat frqigl.s mept at 10.0 radimas/meond° Intormti on

da V. F, P 8 ebmm the oompnsated respone •br n imnIut fi-

qm o 1.0 r&diunOon.

- Uminam, to Ulaiu Variation.. The effect

of gain vavLations on the 1TAX for tli rmtem is shown in Figure 28a

Appe•x 0. As 3rev mi4 uantioned# SPAR filter oonfiguationo I

and 1I wo very sivdmlr. As expeoted gain variation data for both

fwas also •imilar and therefore onl~y one curve is

plotted for the SPAN filter in PIpx 28. The difference In the

deree of sensiti.itr between lead-.ag and SPAN filter compensated

sytemis Is slight with the VN oompensated system being the least

sensitive.

IF
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V. O0,,o0lsos

For the four plants used ewing this lanestigation, us of the

SPAN filtwe as a oompeosator showmd little or no over-all impznvement

compared with that obtained with tbhe les oomplm linear lead-lag

compensator. Based on the "TL3j the SPAN filter did i•pro'm the step

respons of both Type 1 plants used in this etuq Over that obt&ined

with lead-lag couponsation. The SPAN filter also rodnoed NTUm smen-

tivity to gain variations for the T7p 1 plant with ooUplez polos.

Hovevert, better ramp and sinuoidal responses from both Type 1 plants

war. obtained with lead-lag omupenatimon. For the other two pIA , --

use of the SpAN filter slightly improved ovoi-.U peroromaoo of the

no,-mininm phase plant but provided no Iproment in the Type 2

plant perlormanoe over that obtained with linsar lead-lago tion.

Based on the resalts obtained in the area of investigatlon oov-

ered by this stuxO, it is ooncluded that the present onoep*t of the

SPAN filter will1 not result in a pr'acti.oal device with general appli-

cation which wil.l poviLde improved ocpenscated respon'a over that

obtained with linear compensation. This in particularly true for

those qw'tems which hays inputs that ars not solely restricted to a

step funtion input. As with other nonlinear oompensators, there MW

be some type of smtea with which the SPAN filter oou2d be used to

provide mom desirable effeot not attainable with liar tos.

The independet control of gain and phase is a desirable feature but

in the pesent concept of the SPAN filter, this advantags Is out-

weighed b7 its disadvantaeps.

"45
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Appendix A

Jisouasion of Pourler 5er.en

For a ii•ioidal input, the SPAN filter output iU ahown in

Figures 2 and 3. Ons-half period of the "PAN filter output is ahown

hare for conveienceo.

0

The Fourier series for this output can be expressed in the fobm

00 00

f(wt) An co 005 zi+ E BYJmin nwt (12)
n-i n-I

Consider the case where F2 in a unity gwdn network. Let f be

the phase shift produoed by the lead network Fl, then the bixtable

elewmt switches at the angle b which is equal to iT - f. The co-

efficients of the Fourier series are found to be as follows•

for n - 1

A, - 2 sin2b %13)
ir

B - I (2b -IT- sIn2b) (114)
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for n > I

An - 2-2cos(n + l)b [-2u nz- n 1)b (i5)V L n- + IL n T:, ...

Bn - -snn Ibsinn n ) (16)

The Fourier series can also be expressed as

f(wt) - Cn sin(nwt + On) (17)
n22

where Gn - ýAn2 + Bn2 (18)

O - tan" l An (19)

For the case where F1 is a lag network, let f be the numerical

sum oZ the phase ehifts obtained in both the lead and lag networks.

Then the above formulae can be used with the exception that

-e + tan-I An (20)

where a is the phase shift in the lag network.
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Appendix B

Lae Network

E1 R R2 E2
Circuit

Trans fer
Function G(8 ) = . -

k.(O) 1 +-c9 Tle

where T1 X R2 0

and Ei :

Lead Network

Transfer
Function 0(s) : Ei_§/ To1El (s) 1+ Oc2.T2----

whre T2 = RiC

and 02 R

FIGURE 1.9

LINEAR LAG AND LEAD NETWORKS
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Appendix C

Anlo Comuto Circuits

Amplifie r gains are equal to 1 whM thu are not marked.

0I

I
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250 5

20. 5 5o

.4

G(S)

tooo

8 s (8 4)

FIGURE 20

AILALG COI1,PUTER SIMULATION 01' MINIMUM PBHASE PLANT3
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K 10

G(s) -. Klo- S.

FIGURE 21

ANaLOG CO,%aUTER SIWILATION OF NON-MINIfUM PHASE PLANT
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Appendix, D

Tabl*e for Plant Performana for PgFuincuon.!a

5I6



0J 0

CO E-4

04

00
Hd 4-cu

Z 0j 0 0

E-4 P'.
Q0 0

W-4 $44 0S

.~30

Cu 0

0 0

'0

E4E
Pd -

0 0.

CU~ c¶SI

0 ~00

CDU

V-4-
W4 1-4

57



GGC/ EE/66-19

H3 0

0 ltC
ou c'

43J

4SIn

R' .80 c cl

EA I¶

~- to~ r4  N

~~H0 00H0

*i 0

N P4-

0'0

4)

0 1 P4
r24 3



GO/ME~/66-319

cl443cc

00 cu

v.ow

43

00

II0 *044

E-4 trf Lin 4

CU S

0 00

H-4 0- 0 0

E- 0 ow
03 H4 0

$4o r 0 Hk

* 4 -6 -
4, Ln

it0' % 0 04 cm

H

5144

ab



GGO/EE/66-19

co co

49 0

CH F

~4 fr0

0

00 0 0

I~ Y 0

I 0 0

0 H H

0 0

00

600



Ouc/ZK,6619

AWaidix 3

Tables fbr Plant Porfozuazio fbr Ram Fn~tlon yu
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TABLE VfII

TYPE 2 PLANT PERMRI1&NCE FOR ?AMP FUNCTION INUUT

Ramp Slope Steady State

Filter (volts/sea.) Error (volts)

Lead-lag 1.00 0.000

SPAR I 1.04 0.07

SPAN 11 1.00 0.35

62
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TABLZ VU22

PERP'M ZN0 OF TYPE 1 PLANT WITH REAL POLES

FOR A RAMP FUNCTION INPUT

Ramp Slope 8teady State
Filter (volts/sea.) Error (volts)

Lead-lag 1.07 0.75

SPAN I 1.03 0.50

SPAN II 1.02 0.12
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TABLIT X

PERFORW NO F 0 TYPE 1 PLANT WITH COMPLEX POLES

FOR A RAMP 3MONOTION INMPT

Paimp slope Steady State
Filter (volts/see.) Error (volts)

Lead-lag 1.O6 1.2

SPAN 1 1.01 2.0

SPAN Il 1.07 1.7
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TABLE X

NON-MINIMUM PHASE PLANT PERFORMANCE

TOR R"? FUNCTION INPUT

Ramp Slope Steady State
Filter (volts/sea.) Error (volts)

Lead-la5 1.02 0.18

SPAN I 1.02 0.16

SPAN II 1.01 0.15
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Appendtx F

Los If"IMit lfz8for' AtmuoSld.1
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TABLE XI

TYPE 2 PLAONT PEFORMIANCE FOR SINUSOIDAL nMT

Filter Frequency !ut Phase La5 Error
_____(rad/sec) iin (degre"*,7 %of input)

Lead-lag 0.5 1.07 0.0 1.1

1.0 1.10 0.0 3.6

2.0 1.14 0.0 11.4

5.0 1.26 5.8 37.4

10.0 1.48 5.2 107.0

SPAN I 0.5 1.03 0.0 2.1

1.0 1.04 0.0 4.3

2.0 1.10 0.0 11.9
;5.0 1..45 11.6 109.2

10.0 0.57 12.6 147.0

SPANI II 0.5 1.06 2,4 8.4

1.0 1.07 0.0 n.7

2.0 1.07 0.0 15.4

5.0 1.12 5.8 78.0

10.0 0.78 11.4 164.0

I
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flRPGOIASUOEF TYPE I nUT WITH MAL P0LES

Ro 6SIMSOIDAL nVUT

l~tr fvau____em Phaso Lac Error

so -a

Lead-us 0.5 1.04 6.7 16.1

5.0 0.16 20.8 117t6

10.0 0.02 28.7 109.2

SPAN 1 0.5 1.15 5.7 37.9

1.0 1.92 I0.4 170.0

2.0 0.38 37.2 143.0

5.0 0.02 23.2 104.0

10.0 103.0

SPAN 11 0*5 1.07 3.8 48.3

1.0 1.96 11.0 165.4

2.0 0.40 35.5 141.2

5.0 0.03 24.5 102.8

10.0 102.8

68
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TA.BU X I I

PERYORFANCE OF TYfl 1 ?LIkNT WITH 0OPLEX POLES

FOR SINUBOIDAL INPUT

Filter Freqiaenc1  Gout Phase I& Error
(degrees5 (% Of input)

Lead-lag 0.5 0.85 13.4 63.2

1.0 0.75 11.5 87.0

2.0 1.74 24.2 241.0

5.0 0.04 46.. 108.0

10.0 0.01 108.0

SPAN I 0.5 0.76 16.4 75.6

1.0 0.61 12.0 96.2

2.0 0.80 30.8 175.0

5.0 0.02 50.1 104.4

10.0 104.4

SPAN I1 0.5 0.82 12.6 96.6

1.0 0.49 16.8 105.3

2.0 0.39 32.3 138.0

5.0 0.01 47.0 lO3.4

10.0 102.2

i69L
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TABLEZ XXV

ON-MiIN1DW(t PHASE PLANT PERFORMANCO

FOR SINUSOIDAL INPUT

Filter Frequenyo ! Phase ILa Error
S(ri/seo) ii (degPes) (% of input)

Lead-lag 0.5 1.10 00.0 10.0

1.0 1.12 2.3 19.3

2.0 1.13 3.5 37.8

5.0 1.13 10.4 93.0

10.0 1.36 6.9 171.0

SPAN I 0.5 1.03 0.0 8.3

1.0 1.02 1.2 16.9

2.0 1.03 2.8 40.0

5.0 1.12 8.7 106.0

10.0 1.27 10.9 200.0

SPAN II 0.5 1.01 1.9 7.7

1.0 1.04 2.3 15.4

2.0 1.02 4.6 37.2

5.0 1.15 10.4 102.2

10.0 1.06 10.9 212.5
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Appmmaflz G

Effect of Gain~ Yariatimon~c the =2A
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